We show that for every totally ordered group Γ and invertible function f ∈ C( Γ) which does not have a logarithm, there is a representation in which the Toeplitz operator T f is a Breuer-Fredholm operator with nonzero index; this representation is the GNS-representation associated to a natural unbounded trace on the Toeplitz algebra T (Γ).
first in Murphy's C * -algebraic context, and then apply the GNS-construction to convert to statements about the Breuer-Fredholm index.
We begin by constructing traces on the Toeplitz algebra T (Γ). We realise T (Γ) as a corner in a crossed product B Γ × Γ, construct invariant traces on B Γ from Archimedean subquotients of Γ, and then use a theorem of Zeller-Meier to extend them to traces on B Γ × Γ. Our construction is based on an embedding of an order ideal as a subgroup of R; in retrospect, we have merely used the language of traces to abbreviate Murphy's construction of an invariant measure in [8, pp.102-108] . Our index theorem is in §2; the idea is to associate to each invertible function f in C( Γ) an Archimedean subquotient of Γ, and then use the construction of §1 to produce traces on T (Γ) for which T f has nonzero τ -index. The Breuer-Fredholm index version of our theorem is in §3, where we have also taken some care to relate our result to the original theorem of [3] .
Traces on the Toeplitz algebra
Let Γ be a discrete totally ordered abelian group. For x ∈ Γ, we define 1 x ∈ ∞ (Γ) by
Since 1 x 1 y = 1 max(x,y) , the closed span B Γ := sp{1 x : x ∈ Γ} is a C * -subalgebra of ∞ (Γ), and the action of Γ by translation on ∞ (Γ) restricts to an action α : Γ → Aut B Γ such that α x (1 y ) = 1 x+y . If λ : Γ → U( 2 (Γ)) is the left regular representation of Γ, and M is the action of ∞ (Γ) by multiplication operators, then M × λ is a faithful representation of B Γ × α Γ which carries the corner associated to the projection i BΓ (1 0 ) onto T (Γ) = C * (M (1 0 )λ x M (1 0 )). This is Theorem 3.14 of [6] ; alternatively, one can realise T (Γ) as a semigroup crossed product B Γ + × α Γ + as in [2] , and deduce from the general theory of [1] that
To obtain traces on T (Γ), we first need to construct invariant traces on B Γ . When Γ is a subgroup of R, the linearisation of the map 1 x → χ [x,∞) is an isometric isomorphism of sp{1 x : x ∈ Γ} onto a * -subalgebra of L ∞ (R), which therefore extends to an embedding Φ of B Γ as a C * -subalgebra of L ∞ (R). Thus we can define a trace σ on B Γ by integrating with respect to Lebesgue measure: σ(f ) = R Φ(f ) dm. More generally, we have:
Proof. Let B + I = sp{1, 1 x : x ∈ I} be the C * -algebra obtained by adjoining an identity to B I . The formula Φ(1 x ) = χ [φ(x),∞) extends by linearity to an isometric homomorphism of sp{1, 1 x : x ∈ I} onto a * -subalgebra of L ∞ (R), and hence to a homomorphism Φ on all of B + I . Next, choose a complete set of coset representatives
To check that σ is lower semicontinuous, let {f n } be an increasing sequence of positive functions in B Γ converging to f . Then the sequence s n :
Finally, if y − x ∈ I, then x and y are in the same coset x s + I for some s ∈ Γ/I. Therefore Φ r (1 x − 1 y ) = 0 for r = s, and
as required. 
A C * -algebraic index theorem
Suppose τ is a trace on a unital C * -algebra B, and 
It is quite easy to see that T e g is invertible (for example, [7, p.4] ), and hence it is
x is a partial inverse for T x relative to τ , and hence T x is τ -Fredholm. We deduce that the product
which is nonzero because x / ∈ I x and φ is injective on Γ/I x . If x ≤ 0, we can apply the previous case to T * f = T f , and the result follows.
Remark 4.
Since the traces we constructed in §1 depend on the choice of an isomorphism φ of an abstract Archimedean ideal I into R, and multiplying φ by any c ∈ (0, ∞) gives another such isomorphism, the numerical value of the index is not significant. If, however, we start with a subgroup Γ of R, then in some sense this choice has already been made, and our construction gives the trace σ on B Γ corresponding to Lebesgue integration on L ∞ (R) ⊃ B Γ . Composing with the dual embedding of R in Γ converts functions in C( Γ) to almost periodic functions on R; if f = x e g for some x ∈ Γ, then the corresponding function F on R has the form t → e ixt e G(t) , where G is the almost periodic function g| R , and one can recover x as the mean motion
of the almost periodic function F . The Toeplitz algebra of a subgroup Γ of R has a faithful representation as Wiener-Hopf operators on L 2 [0, ∞); the Toeplitz operator on H 2 ( Γ) with symbol f ∈ C( Γ) is carried into the Wiener-Hopf operator W F with symbol F := f | R ∈ AP (R). (It follows from a theorem of Douglas [5] that this is a faithful representation of T (Γ); alternatively, note that B + Γ acts faithfully on L 2 [0, ∞) and apply the main theorem of [2] .) Thus we can deduce from ( * ) that there is a natural trace on the Wiener-Hopf C * -algebra on L 2 [0, ∞) for which the index of W F is minus the mean motion of F .
we deduce that H σ•E = 2 (Γ, L 2 (R)). Since the representation π σ•E of C c (Γ, B Γ ) ⊂ B Γ ×Γ extends the action by left multiplication on C c (Γ, B Γ ) ⊂ 2 (Γ, L 2 (R)), we can see by inspection that π σ•E is the integrated form of the covariant representation (1 ⊗ M, λ ⊗ λ) of (B Γ , Γ, α) on 2 (Γ) ⊗ L 2 (R) = 2 (Γ, L 2 (R)). This is precisely the representation used in [3] , and in view of Remark 4, our index theorem reduces in this case to that of [3] .
